Let A 0 Y A 1 and B 0 Y B 1 be couples of quasi-Banach spaces and let T be a linear operator. We prove that if T X A 0 3 B 0 is compact and T X A 1 3 B 1 is bounded, then
rank of parameters, that is for 0`q 0 Y q 1 I. Note that the last couple is formed by quasi-Banach spaces when 0`q 0 Y q 1`1 . It arises then the question if a similar result holds true for abstract quasi-Banach couples, not only for L q -couples. Accordingly, we establish in this paper such a result.
We follow the approach developed in [8] and [7] (see also [5] , [6] ) based on the description of the real interpolation method as a maximal and a minimal interpolation method in the sense of Aronszajn-Gagliardo [1] . The main obstacle is then to ¢nd a useful extension of maximal methods for quasi-Banach couples. The natural de¢nitions based on scalar sequence spaces, give nothing but the sum space when applying to a couple as L q 0 Y L q 1 with 0`q 0 Y q 1`1 , because the spaces L q j have trivial dual.
We overcome this di¤culty by giving a maximal description of the real interpolation space in terms of vector valued sequence spaces involving the couple into consideration. We have then a description for each quasi-Banach couple, rather than a description for the real interpolation method. However, this will be su¤cient for our purposes. Such a description is given in Section 2, where we also derive the corresponding minimal characterization.
Working in the category of Banach couples, any maximal or minimal method de¢ned by sequence spaces satisfying certain mild conditions, can be equivalently de¢ned by vector valued sequence spaces as we show in Section 1. This result, that we think has independent interest, is based on the HahnBanach theorem and applies not only to the real method, but also to the``AE'' method (see [18] , [10] ) and Ovchinnikov's 0 u -method [17] .
In the ¢nal Section 3 we prove the announced interpolation theorem for compact operators in the quasi-Banach case.
Maximal and minimal methods in Banach spaces.
Let us start by recalling the construction of the Aronszajn-Gagliardo maximal functor HB 0 Y B 1 Y BÁY Á; for Banach spaces (see [1] ; see also [12] , [3] ).
If " A A 0 Y A 1 and " B B 0 Y B 1 are Banach couples, we write T P l "
AY " B to mean that T is a linear operator from A 0 A 1 into B 0 B 1 such that the restriction of T to each A j de¢nes a bounded operator from A j into B j j 0Y 1. We write
We say that a Banach space A is an intermediate space with respect to the couple "
A A 0 Y A 1 if the following continuous embeddings hold
If, in addition to the above property, whenever T P l " AY " A if follows that real interpolation of compact operators... A such that Ta P B for all T P l " AY " B. The norm in
In order to give some important examples of maximal methods denote by q 1 q I and c 0 the usual spaces of doubly in¢nite scalar sequences and, given any positive sequence 3 m , de¢ne q 3 m by
We give a similar meaning to c 0 3 m . Àm , then the interpolation method generated by this choice is
the real interpolation method realized as a K-space (see [12] ). Namely 
Ovchinnikov's 0 u -method (see [12] or [17] )X Note that the sequence spaces X q 3 m which arise in Examples 1.1 and 1.2 satisfy the following three conditions: a) Sequences having only a ¢nite number of coordinates di¡erent from zero are contained in X .
c) If j m j j$ m j for each m P Z and $ m P X , then m P X and
All sequence spaces that we consider in the rest of this section are supposed to satisfy conditions a), b) and c).
Next we shall show that the behaviour of a maximal method on a couple of sequence spaces can be shifted to couples of vector valued sequence spaces.
Let " s s 0 Y s 1 be any Banach couple of scalar sequence spaces over Z and let s be any intermediate sequence space with respect to " s. Given any sequence of Banach spaces F m with F m T f0g for each m P Z, we put sF m fa m X a m P F m and ka m k sF m kka m k F m k s`I g and we de¢ne s 0 F m and s 1 F m similarly. Assumptions a), b) and c) on scalar sequence spaces guaranteee that the vector valued sequence spaces are Banach spaces. It is also clear that
We are now ready to establish the announced result. In other words, for any Banach couple A 0 Y A 1 , we have that
because s is an interpolation space with respect to s 0 Y s 1 . Applying Theorem 1.3 we obtain that 142 fernando cobos and lars-erik persson
we conclude that
AY " s with kT k" AY" s 1. Then T can be written as Ta T m a for some
Here K stands for the scalar ¢eld. Choose any u m P F m Y u m T 0, and let R be the vector valued operator de¢ned by 
T n b n P AE " A real interpolation of compact operators...
In (1) we introduced the real interpolation space A 0 Y A 1 Yq by means of the K-functional. It can be equivalently de¢ned by means of the J-functional
That is to say,
(although we denote the two norms by the same letter, this will not cause any confusion)X Regarded as a J-space A 0 Y A 1 Yq , if 1 q I and 0``1, coincides with
Example 1.6. Take again 0``1 and given any Banach couple
A satisfying that for every ¢nite set E & Z and every scalar sequence $ $ m with k$k I 1 it holds
with C independent of E and $}. The norm of hA 0 Y A 1 i is given by
This interpolation method was introduced by Gustavsson and Peetre [11] and it admits the following minimal description
(see [12] ).
Again the sequence spaces in Examples 1.5 and 1.6 satisfy conditions a), b) and c). Next we show that minimal methods de¢ned by sequence spaces ful¢ling such conditions also enjoy the stability property with respect to vector valued sequences. We start with a result in the line of Theorem 1.3. 
real interpolation of compact operators...
Conversely, any operator
de¢nes an operator from " B into " s, and
Take now any a m P Gs 0 F m Y s 1 F m and any representation
, and let T j P l " BY " s be the operators obtained from the R j 's composing with functionals f m . Then
This shows that
and ends the proof.
We are now ready for the stability result in the minimal case. Theorem 1.8. Let " s s 0 Y s 1 be a Banach couple of sequence spaces and let s be an interpolation space with respect to " s. Then, given any sequence of Banach spaces F m with F m T f0g for each m P Z and given any Banach couple
Proof. Using that s is an interpolation space with respect to " s, it is easy to see that
It follows then from Theorem 1.7 that
On the other hand, the de¢nition of Gs 0 F m Y s 1 F m Y sF m XY X yields that it is the smallest interpolation method f such that
It is not hard to see that R P l" sF m Y " A with
P sF m , we have Rb T $ a.
Take now any a P Gs
A be the operators associated to the T j 's and let b j P sF m be the vectors corresponding to the $ j 's. We know that
and since
The proof is complete.
Some remarks on the quasi-Banach case.
It is well-known that de¢nitions 1 and 2 of the real interpolation space A 0 Y A 1 Yq make sense also if A 0 Y A 1 is only a couple of quasi-Banach spaces (see [2] , [19] ). The rank of the parameter q can then be enlarged, allowing any 0`q I. The K-and the J-de¢nitions are still equivalent, but the functional k Á k Yq (de¢ned by the K-or by the J-construction) is no longer a norm, it is only a quasi-norm. Next we study the possibility of a maximal description in the quasi-Banach case.
As a ¢rst idea, one might try to replace in Example 
Since every continuous functional on L p j vanishes identically, equality (4) follows. Therefore
We can remedy in part this situation by passing to vector valued sequence spaces. According to Theorem 1.4 Note that if c j is the constant in the triangle inequality of A j , then c mxfc 0 Y c 1 g is a constant for the triangle inequality of F m . Since c does not depend on m, it is not hard to check that vector valued sequence spaces involved in De¢nition 2.1 are quasi-Banach spaces.
Theorem 2.2. Let "
A A 0 Y A 1 be a quasi-Banach couple, let 0``1 and 0`q I. Then
AY " I F m with kT k" AY "
Hence, given any a P A 0 Y A 1 Yq and any decomposition a a 0 a 1 with a j P A j , we obtain Recall that a quasi-norm k Á k is said to be a p-norm 0`p 1 if
Given any quasi-normed space AY k Á k, the functional
where c is the constant in the triangle inequality of k Á k (see, for example, [2] , Lemma 3.10.1). Note also that if k Á k is a p-norm then it is also an r-norm for any 0`r p.
Consequently, without loss of generality we may and do work with p-Banach spaces.
Given any couple A 0 Y A 1 of p-Banach spaces, we put,
Clearly G m is also a p-Banach space. It is not di¤cult to check that the vector valued sequence space q 2 Àm G m is then a minpY q-Banach space. Since the space A 0 Y A 1 Yq , realized as a J-space, is a quotient of q 2 Àm G m it turns out that A 0 Y A 1 Yq is a minpY q-Banach space as well. This property will be useful for our latter computations. A which can be represented as a convergent series
This space becomes an r-Banach space endowed with the functional
be a couple of p-Banach spaces, let 0``1, 0`q I and write r minpY q. Then
Proof. Let Å be the operator de¢ned by Åu m I mÀI u m . Since A 0 is a p-Banach space, we have
1X
Given any a P A 0 Y A 1 Yq and any J-representation a I mÀI u m of a, it follows from
Write " v m for the vector valued sequence having all coordinates equal to zero except for the mth one that is v m . It is clear that T" v m P A 0 A 1 and real interpolation of compact operators...
If a is now any element of G YqYr A 0 Y A 1 and a I j1 T j v j is an arbitrary representation of a with
Yq is r-normed and our previous estimate we derive that
This completes the proof.
Remark 2.5. In the Banach case de¢nition of minimal interpolation method sets the ¢xed spaces [B 0 Y B 1 Y B as domains of operators. Then the obstruction that we found at the beginning of this section does not arise now when extending de¢nition of minimal methods to quasi-Banach couples. In fact, it is possible to give a minimal description for the real method in the category of quasi-Banach spaces. Namely, if we take all G m equal to the scalar ¢eld K in De¢nition 2.3, then Theorem 2.4 remains true (see [15] , Thm. 3.2). Remark 2.6. Gustavsson-Peetre method de¢ned in (3) also makes sense for quasi-Banach couples (see [10] ). If A 0 Y A 1 is a couple of p-Banach spaces, it is easy to see that hA 0 Y A 1 i is also a p-Banach space. In that case hA 0 Y A 1 i admits the following minimal description
We skip details because the main idea of the proof is the same as in the Banach case (see [12] , Thm. 5).
The compactness theorem.
In this section we establish the compactness theorem in the quasi-Banach case.
Recall that a linear operator between quasi-Banach spaces is called compact if it transforms each bounded set into a set whose closure is compact or, equivalently, if it transforms each bounded sequence into a sequence having a convergent subsequence.
Our arguments are based on properties of operators J and Å introduced in Theorems 2.2 and 2.4. On the other hand, Ja = XXXY aY aY aY XXX is bounded acting from B j into I 2 Àjm F m for j 0Y 1. We put as in Theorem 2.2
If we consider now on B 0 Y B 1 Yq the quasi-norm given by the K-functional, then
is a metric injection. Hence a necessary and su¤cient condition for
to be compact is that
is compact. So, we have the following diagram of bounded operators
and our task is to show that T JT Å is compact. The advantage of working with T instead of T is that we can use certain families of projections on the couples of vector valued sequences. Indeed, write "
Àm G m and for each positive integer n P N con-
These mappings satisfy the following four conditions: (I) They are uniformly bounded in "
(II) If I stands for the identity operator in AE " p G m , then provided that v m belongs to the closure of Á " I F m in I 2 Àm F m . We shall also need the following interpolation results
We only prove the embedding real interpolation of compact operators...
because the rest of the proof of (5) and (6) can be carried out by doing minor modi¢cations in the arguments of [5] , Lemma 2.1.
Take any u u m P q 2 Àm G m and let w m be the sequence having all coordinates equal to zero except for the mth one which is u m . Since 
This establishes (7).
We are now in a position to use the approach developed in [7] , Thm. Our plan is to check that TP n and R n TQ À n are compact and then that the remaining three operators have norms converging to 0 as n 3 I.
For TP n we have the following diagram where TP n X q 2 Àm G m 3 I F m is compact. Therefore we can apply Lions-Peetre compactness theorem (see [2] tends to 0 as n 3 I. It follows from formulae (5) and (6), and estimate for the norm of an interpolated operator by the real method that 
